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Abstract
We use the SU(3) invariant introduced in [Enseign. Math. (2) 44 (1998) 325–360] to give a new
criterion for periodic links. The result that we introduce in this paper may be seen as a generalization
of Murasugi’s result about the Jones polynomial of periodic links [Pacific J. Math. 131 (1988) 319–
329].  2002 Elsevier Science B.V. All rights reserved.
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1. Preliminaries
A link L in S3 is said to be p-periodic if there exists a periodic transformation h of order
p such that fix(h)∼= S1, h(L)= L and fix(h)∩L= ∅. By the positive solution of the Smith
Conjecture [2], we may assume that h is a rotation by a 2π/p angle. If we consider S3 as
R
3∪∞, h may be considered as the rotation by a 2π/p angle around the z-axis. Obviously
the quotient space of S3 by this action is also S3. If L is a periodic link, we denote by L
the factor link. The idea of Murasugi is to find a relationship between the invariant of the
link L and the invariant of L. In [11], Murasugi established a powerful criterion for knot
periodicity using the Alexander polynomial [1]. After the discovery of the quantum SU(2)
invariant called the Jones polynomial [7], Murasugi proved that similar relationships can
be found between the Jones polynomials of L and L. In [4] we give a new proof to this
criterion and show that it can be extended in a natural way to links with free periods.
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Fig. 1.
The two-variable Homfly polynomial is an invariant of ambient isotopy of oriented links
defined by skein relations [6]. A new version of this polynomial is introduced in [10]. This
version can be defined uniquely by the relations:
(i) Pn(∅)= 1,
(ii) Pn(©∪D)=
(
qn/2 − q−n/2
q1/2 − q−1/2
)
Pn(D),
(iii) qn/2Pn(L+)− q−n/2Pn(L−)=
(
q1/2 − q−1/2)Pn(L0),
where ∅ is the empty diagram,© is the trivial knot and L+, L− and L0 are three diagrams
which are identical except near one crossing where they are shown in Fig. 1.
It is clear that instead of the two-variable polynomial we get, by this approach, a family
(indexed by n 2) of one-variable polynomials. In particular P2 is equivalent to the Jones
polynomial. The aim of this paper is to use the invariant defined above to provide a criterion
for link periodicity involving P3(L) and P3(L), where L is a link with prime period p. In
the case n= 2 and p is prime, Murasugi proved that P2(L) is congruent to P2(L)p modulo
an ideal I2. We use the skein theory introduced in [9] to show that a similar congruence is
obtained between P3(L) and P3(L)p . The result introduced in this paper not only provides
a new criterion for link periodicity but also opens the door for the study of the quantum
invariants of periodic 3-manifolds, which will eventually shed light on the interesting
problem of group actions on 3-manifolds. Throughout the rest of this paper p is a prime; if
k is an integer we define [k] to be the Laurent polynomial (qk/2 − q−k/2)/(q1/2 − q−1/2).
Theorem 1. Let p be a prime and L a p-periodic link. Then for n= 2 or 3 we have:
Pn(L)(q)≡ Pn
(
L
)p
(q) modulo In,
where L is the factor link and In is the ideal of Z[q±1/2] generated by p and [n]p − [n].
Remark. In this paper we shall prove our theorem for n= 3 because the case n= 2 was
studied by Murasugi [12] . Indeed if we put n= 2 in the previous formula, then P2(L)(q)
is [2] times the Jones polynomial V (L)(q−1/2).
2. Kuperberg’s skein relations and the SU(3) invariant
Let F be an oriented surface, we consider oriented trivalent graphs possibly with loops
with no vertices. Assume that at each vertex the three edges are oriented in the same way,
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all inner or all outer. A diagram in F is an oriented trivalent graph immersed in F such
that the singular points are only transverse double points, to each of which over and under
crossing information is associated; this means that locally it is the diagram of an oriented
link or a trivalent graph. Throughout the rest of this paper diagrams are considered up to
isotopy in F . Let ∅ be the empty diagram and R the ring Z[q±1/2]. In [9], Kuperberg
introduced a linear skein theory for SU(3). We define the SU(3) skein module of oriented
surfaces as follows:
Definition 2. Let F be an oriented surface. The skein module S3(F ) is defined to be the
quotientR-module of formal linear sums of diagrams in F with coefficients in R, divided
by the relations shown in Fig. 2.
In all the skein relations of this paper the indeterminate A is related to the variable q of
the relations (ii) and (iii) by the relation q =A6.
Proposition 3. The relations above define an invariant of ambient isotopy of links in S3.
This invariant coincides with P3.
Proof. By [13, Proposition 1.2], the skein relations in Fig. 2 define an invariant of links
in the three-sphere. Since this invariant satisfies the relations (i), (ii) and (iii), it coincides
with P3. It is well known that the relations (i), (ii) and (iii) define a unique invariant of
ambient isotopy of links in S3. ✷
Fig. 2.
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Fig. 3.
The only surfaces needed in the sequel are the plane R2 and the annulus S1 × I . The
skein modules of these surfaces were computed in [13].
Proposition 4. The skein module S3(R2) is isomorphic to R.
Now let us concern ourselves with the skein module of the annulus S1 × I (here I is the
interval [0,1]). In the surface S1× I let us consider the diagrams x and y defined in Fig. 3.
Let k and m be two integers. We define the element αk,m to be the diagram xkym, which
means k copies of x union m copies of y; in particular α0,0 denotes the empty diagram.
Proposition 5. The skein module S3(S1×I) is isomorphic to the freeR-module generated
by elements αk,m, k  0, m 0.
Proof. This is an immediate consequence of the fact that S3(S1 × I) is isomorphic to the
polynomial algebra R[x, y]. We recall that if D and D′ are two graphs of S1 × I , then the
product DD′ is defined to be the graph obtained when we identify S1 × {1} of the annulus
that contains D to S1 × {0} of the annulus that contains D′, see [13] for more details. ✷
3. Proof of Theorem 1
Let D be a diagram in the annulus S1×I . D is said to be p-periodic if it may be isotoped
onto a diagram which is invariant by the following transformation:
ϕ :S1 × I → S1 × I, (z, t) → (e2iπ/pz, t).
It can be seen easily that the periodic diffeomorphism ϕ defines a free action of Z/pZ on
the annulus. The quotient space of S1 × I by this action is also S1 × I . Let us denote by
π the quotient map S1 × I → S1 × I . If D is a diagram in S1 × I , we denote by D˜ the
diagram π−1(D).
Let D be the set of all diagrams in S1 × I and R′ = Z/pZ[q±1/2]. By S ′3(S1 × I) we
denote the free R′-module generated by elements of D, quotiented by the relations shown
in Fig. 4.
Let i be the embedding S1 × I → R2. For simplicity, if D is a diagram in S1 × I , we
also denote by D the embedded diagram i(D). Now consider the two linear maps f and g
defined on D and extended by linearity to R′(D):
f :R′(D)→R′, D → P3
(
D˜
)
,
g :R′(D)→R′, D → P3(D)p.
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Fig. 4.
Lemma 6. f and g induce two well-defined maps which we denote by f and g from
S ′3(S1 × I) to R′.
Proof. The map f is defined on D and extended by linearity to the R′-module generated
by elements of D. The main step in this proof is based on the techniques used by Przytycki
in [14]. In fact in the same way it can be proved that we have the relations given in Fig. 5.
These relations prove that f induces a well-defined map from the quotient space
S ′3(S1 × I) to R′. The invariant P3 satisfies the skein relations Ki for 0  i  6. It can
be proved easily that, P3(D)p satisfies the relations K ′i for 0  i  6, modulo p. Thus g
also induces a well defined map from S ′3(S1 × I) to R′. This completes the proof of the
lemma. ✷
Let us return now to the proof of Theorem 1. The arguments used in [13] to prove Prop-
osition 1.4 can be used here to prove that the module S ′3(S1 × I) is generated by elements
αk,m. Thus we conclude that f and g are equal modulo the ideal generated by elements
of type f (αk,m) − g(αk,m). A simple computation shows that P3(αk,m)(q) = [3]k+m.
Moreover, it is easy to see that α˜k,m = αk,m. As a consequence f and g coincide modulo
the ideal generated by p and elements of type [3]p(k+m)−[3]k+m which is contained in the
ideal of Z[q±1/2] generated by p and [3]p − [3]. This completes the proof of Theorem 1.
Remark. Let p  2 be an integer. A 3-manifold M is said to be p-periodic if the group
Z/pZ acts semifreely on M with a circle as the set of fixed points. In a recent work [15]
Przytycki and Sokolov have shown that every p-periodic 3-manifold is obtained from
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Fig. 5.
S3 by surgery along a p-periodic link. The quantum SU(3) invariant of 3-manifolds can
be defined via the version of Homfly polynomial used in this paper. Hence, the criterion
introduced in Theorem 1, for periodic links, can be extended to the invariants of periodic
3-manifolds. In [5] we studied the SU(2) invariant of periodic 3-manifolds. We plan to do
the same in the case of SU(3). This will be described in a forthcoming paper.
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